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Abstract
We give a method for finding the exact analytical solution for the problem
of a particle undergoing diffusive motion in a flat potential in the presence
of a new localized sink. The Diffusive motion is described using the Smolu-
chowski equation. Our method requires the knowledge of Laplace transform
of Green’s function for the motion in absence of the sink. The same model
for sink can be used to deal with other potentials.
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1. Introduction
Understanding reaction-diffusion system holds significant importance in al-
most all areas of science. The most simplest model to study reaction-diffusion
system is to use Smoluchowski equation for an appropriate potential in the
presence of a sink [1]. It serves as a model to study various chemical dynamic
[2, 3] processes in solution. There are only few potentials for which the exact
analytical solution of Smoluchowski equation (without any sink) is known.
For those cases, various methods have been proposed to solve analytically the
Smoluchowski equation with different types of sinks e.g., pinhole, gaussian [4]
and lorentzian sink [5] and Dirac delta function sink [7, 8, 9]. In the following
we propose a new localized sink, and find the exact analytical solution in the
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case of a flat potential. In different situations different type of sinks are the
appropriate one for describing that particular reaction diffusion system. It is
very difficult to get an analytical expression for survival probability for any
model, in the following we are proposing a new localized sink for which exact
analytical expression for survival probability is derived in this paper.
2. Smoluchowski equation for a flat potential with sink
We would like to solve the following Smoluchowski equation
∂P (x, t)
∂t
= (L−K0S(x)−Kr)P (x, t), (1)
where
L = D
∂2
∂x2
+
D
kbT
∂
∂x
(
∂V (x)
∂x
)
. (2)
Here P (x, t) is the probability that the particle may be found at the posi-
tion x at time t, V (x) is the potential responsible for the motion of particle.
S(x) is the position dependent sink function, assuming it to be normal-
ized. K0 and Kr are the rates of non-radiative decay and radiative decay
respectively. D is the diffusion coefficient which is derived in relation to the
friction coefficient(ζ), where D = kbT
ζ
and T is the temperature [8]. Now we
do Laplace transformation of P (x, t) using
P˜ (x, s) =
∫ ∞
0
P (x, t)e−stdt. (3)
Laplace Transformation of Eq. (1) yields the following equation
P (x, 0) = (s− L+K0S(x) +Kr)P˜ (x, s). (4)
Now for a flat potential
∂V (x)
∂x
= 0. (5)
And assuming only non-radiative decay taking place, therefore Kr = 0. The
effect of this non-radiative decay term can be incorporated in our calculation
very easily, wherever required. Then on rearrangement and applying above
mentioned conditions Eq. (4) reduces to
sP˜ (x, s)− P (x, 0) = D∂
2P˜ (x, s)
∂x2
−K0S(x)P˜ (x, s). (6)
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Assuming P(x,0) to be a Dirac delta function. Therefore, Eq. (6) is now
modified as
sP˜ (x, s)− δ(x+ a) = D∂
2P˜ (x, s)
∂x2
−K0S(x)P˜ (x, s). (7)
In the following we will solve Eq. (7) in case of localized sink.
3. Exact solution for localized sink
In the following we assume that S(x) is non-zero for a short range of x-values
around x=0,
S(x) = S(0) +
(
dS
dx
)
x=0
+ ...... (8)
and similarly Ignoring all higher order terms (other than zero order term) in
the Taylor series expansion of S(x) and replacing the terms S(x)P˜ (x, s)) by
S(0)P˜ (0, s)), Eq. (7) is now modified as
sP˜ (x, s)− δ(x+ a) = D∂
2P˜ (x, s)
∂x2
−K0S(0)P˜ (0, s)f(x). (9)
Where f(x) equals to 1 for x values between 0− ǫ and 0+ ǫ and f(x) equals
to zero otherwise, where ǫ is a small positive number. The Eq. (9) is now
solved using the Green’s function method.
P˜ (x, s) =
∫ ∞
−∞
dx0G(x, x0|s)δ(x0+a)−K0S(0)P˜ (0, s)
∫ ∞
−∞
dx0G(x, x0|s)f(x0).
(10)
Using the analytical expression of Green’s function [10] the above equation
can be simplified as
P˜ (x, s) =
e
−
√
s
D
|x+a|
2
√
sD
− K0S(0)P˜ (0, s)
2
√
sD
∫ 0+ǫ
0−ǫ
e−
√
s
D
|x−x0|dx0. (11)
Which on integrating over x0 (with the assumption that ǫ is a very small
positive number)
P˜ (x, s) =
e−
√
s
D
|x+a|
2
√
sD
− K0S(0)ǫ√
sD
e
−
√
s
D
|x|
P˜ (0, s). (12)
3
For x = 0 the above equation becomes
P˜ (0, s) =
e−
√
s
D
|a|
2
√
sD
− K0S(0)ǫ√
sD
P˜ (0, s). (13)
We now solve the above equation for P˜ (0, s) to get
P˜ (0, s) =
e−
√
s
D
|a|
2
√
sD(1 + K0S(0)ǫ√
sD
)
. (14)
This when substituted back into Eq. (12) gives
P˜ (x, s) =
e−
√
s
D
|x+a|
2
√
sD
− K0S(0)ǫe
−
√
s
D
(|a|+|x|)
2
√
sD(
√
sD +K0S(0)ǫ)
. (15)
Now we have an explicit formula for P˜ (x, s), our interest is to calculate the
survival probability P (t) =
∫∞
−∞ P (x, t)dx. It is possible to calculate the
Laplace transform of P˜ (s) of P (t) directly. Again P˜ (s) is related to P˜ (x, s)
by P˜ (s) =
∫∞
−∞ P˜ (x, s)dx.
P˜ (s) =
1
s
−
K0S(0)ǫ√
D
e−
√
s
D
|a|
s(
√
s+ K0S(0)ǫ√
D
)
. (16)
Using Inverse Laplace transformations [11], the expression for P (x, t) is cal-
culated as follows :
P (t) = 1− eK0S(0)ǫ|a|D +K0
2
S(0)2ǫ2t
D erfc
(
K0S(0)ǫ
√
t√
D
− |a|
2
√
Dt
)
+ erfc(
−|a|
2
√
Dt
(17)
So we have derived an analytical expression for survival probability in time
domain for a particle diffusing under a flat potential with a localized sink.
4. Conclusions
We have given a general analytically solvable model for calculating the sur-
vival probability as a function of time for a particle diffusing under a flat
potential with a new localized sink. The exact analytical expression for sur-
vival probability has also been derived. The same method can be extended
to more complex and realistic potential surfaces including a piece-wise lin-
ear potential [12] or a parabolic potential [13] with the prerequisite that it’s
Green’s function in absence of sink is known.
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